
and 

F2 ( ' r)= *i (x)'r {exp [ RI 

4ao~h'r 

The r e s u l t s  of the r econs t ruc t ion  of the heat  f luxes of (2) obtained f rom Eq. (30) a r e  p resen ted  in Fig. l b ,  
as a function of the t i m e  and the posi t ion of the t e m p e r a t u r e  s enso r .  I t  follows f rom the f igure that placing the 
t e m p e r a t u r e  s e n s o r  f a r t h e r  f r o m  the su r face  of the hea t - f lux  pickup being heated leads t o ' g r e a t e r  e r r o r s .  This 
obviously follows f r o m  the violation of the approx imat ion  of the t e m p e r a t u r e  field at a point c lose to the su r face .  

Thus ,  the mos t  re l iab le  r e s u l t s  of q can be obtained in the case  when the t e m p e r a t u r e  m e a s u r e m e n t  is  
made in the i m m e d i a t e  vicini ty of the heating su r face .  

1. 
2. 

3. 
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S P L I N E  I D E N T I F I C A T I O N  O F  H E A T  F L U X E S  

E .  N .  B u t  UDC 536.629.7 

A method i s  d i scussed  fo r  the de te rmina t ion  of one-d imens iona l  t r ans i en t  heat f luxes f rom the 
expe r imen ta l ly  m e a s u r e d  t e m p e r a t u r e  using a spline approximat ion  of the heat flux with sub-  
sequent  appl icat ion of the p r o c e d u r e s  of p a r a m e t r i c  identif icat ion.  

A t h e r m a l  expe r imen t  can be t r e a t ed  as  a ce r t a in  measu r ing  s y s t e m  with an unknown input,  subject  to 
de te rmina t ion ,  and an output which is  m e a s u r e d  with noise .  A one-d imens iona l  body of finite length with known 
t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s ,  dependent on the t e m p e r a t u r e  in the gene ra l  ca se ,  with a the rmal ly  insulated 
l a t e r a l  s u r f a c e  and with the t e m p e r a t u r e  of the end being m e a s u r e d ,  s e r v e s  a s the  physica l  model of a m e a -  
sur ing  s y s t e m  for  the de te rmina t ion  of a one -d imens iona l  heat flux. Serving as the ma thema t i ca l  model for  
the m e a s u r i n g  s y s t e m  is  a s y s t e m  of equations consis t ing of a d i f fe ren t ia l - -d i f fe rence  sy s t em of equat ions,  ap -  
p rox imat ing  the one d imens iona l  F o u r i e r  heat-conduct ion equation by spa t ia l  quantization at n points ,  and the 

observa t ion  equation: 

~ = AT + BQ, (1) 
= H T + W ,  

where  

T----IT, T2 - . .  T~l t ,  

Q = [ q l  0 . . .  0q2] t ,  

H = I I  0 . . .  01, 

B---- 

, 01 (cp) xh 

0 0! 
. . . . . .  0 I - - ' ~  9 

(cp) nh 
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Fig. 1. Dependence of ellipticity on the approximation section (a) 
and on the number of measurements  in this section (b). 
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Xi,i+ 1 is the the rmal  conductivity normal ized to the t empera tu re  (Ti + Ti+1)/2, (ep)i is the heat capacity nor -  
malized to the t empera tu re  Ti, W is the measurement  noise,  and n is the number of nodes of the spatial  
quanti zation. 

We determine the heat flux Q as the solution of a problem of nonlinear p rogramming ,  i . e . ,  as a function 
minimizing some functional F(Y, Y(Q)) with the constraints  imposed on Y(Q) by the sys tem (1). The m e a s u r e -  
ment Y is unique information obtained as a resul t  of the given experiment ,  and it is therefore  natural  to consid-  
er  the deviation (discrepancy) between the t empera tu re  Y measured  experimental ly  and Y(Q) calculated f rom 
the sys tem (1) with the given Q and W = O as the c r i te r ion  of accuracy  of the resul ts  of the interpreta t ion of 
the experiment .  The functional F(Y, ~'(Q)) for  the determinat ion of the heat flux can be d iverse ,  and [1, 2] and 
others a re  devoted to its selection.  Let us consider  whether it is possible to use the ordinary roo t -mean-  
square  functional of d iscrepancy:  

T u 

1 .i Iv - -  Sit Iu - -  r dr  e ( v '  v) = Z-, o (2) 

to determine the heat flux with the help of B-spl ines .  

In many prac t ica l  cases  the heat flux is a continuous function of t ime.  In those cases  when we have this 
a pr ior i  information we can approximate the heat flux q(T) by B-splines of o rder  I (see Appendix 1): 

P 

q ('r) = ~ chSpk (T). (3) 
k ~ 0  

Such an approximation allows us to analyze,  in place of the functional (2), a function of p + 1 var iables  
c o , . . .  ,Cp, which in the case of d iscre te  measurements  has the form 

I i [u - -  u (co . . . . .  %)i iu - -  V~ (Co . . . . .  %)1, r (V, Co . . . . .  %) = - ~ -  ~=~ (4) 

where Yi = Y ( T i ) -  

In the l inear  case the problem of nonlinear p rogramming  for  the function ~ ( c 0 , . . . ,  Cp) with the constraints  
(1) has a unique solution. 
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Fig. 2. Effect of the number  of measurements  on Boo (1) and Bll (2). 

Fig.  3. Example of the approximation of the heat flux by B-spl ines .  

Statement 1. The quadratic quality function (4), where Yi is the solution of the sys tem (1) at the t ime 
Ti, in the space of the pa r ame te r s  Co , . . .  ,Cp has a local minimum which is global (see Appendix 2). 

According to Statement 1, the stated problem has a unique solution, but somet imes  it is pract ical ly  i m -  
possible to find this solution because the quality function ~ forms a gully in the region of the minimum. Let us 
study the prac t ica l  identification [4] of the measur ing  sys tem (1) using a covariat ion matr ix  of the est imating 
e r r o r s  in the coefficients of the B-spl ines :  

P o.[Xui.u, ] 
k (5) 

U,,~ = -~c  ('r~). 
To find the sensi t ivi ty functions Uik we differentiate the sys tem (1) with respec t  to c i and obtain the s y s -  

terns 

0 o = A U o + B  00 , 
Oco 

( J p = A U p + B  O0. , 
aCp 

where 

0T 
U k ~ . - -  

Oc k 

Solving this sys t em,  we obtain the sensit ivity functions,  and f rom these we construct  the matr ix  P. Since 
in the f i rs t  section q(T) is approximated by only two coefficients c o and Cp, the covariat ion matr ix  of the es t imat -  
ing e r r o r s  in c o and cp has the form 

[Boo  o,1 A0.1-, 
P=--~ LB,o BuJ=-N- A,o A,,J' ' 

where Boo, B01, and Bll a re  coefficients dependent on the s t ruc ture  of the sys tem (1) and the form of the quality 
function. 

Such a representa t ion  of the covar ia t ion matr ix  was f i rs t  obtained in [5]. In contras t  to [5}, which used 
the sca l a r  product  of the sensi t ivi ty functions U i and Uj, r e fe r r ed  to the observat ion t ime,  as Aij, we take the 
s ca l a r  product of the sensit ivity vec tors  Uik and Ujk , r e fe r red  to the number of measurements  in the approxi-  
mation sect ion,  as Aij, which does not a l ter  the genera l  representa t ion of the mat r ix  P. 

The form of the quality function # and the s t ruc tura l  coefficients Boo and B~I were studied in a wide in-  
te rva l  of values of the length A of the approximation sect ion,  expressed in the dimensionless  t ime Fo. The 
eUipticity e of the function #, i . e . ,  the ra t io  of the semiaxes  of the ellipse in the region of the minimum, 
ranges f rom 0.2 to 0.3, which permi t s  a solution of the stated problem.  
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The e f fec t  of the  n u m b e r  of m e a s u r e m e n t s  on the  c o e f f i c i e n t s  Bij  and  on the  e l l i p t i c i t y  e was r e v e a l e d  
(F ig .  1). Changes  in  the  r e l a t i v e  t h e r m a l  conduc t iv i t y  X = ~ / l  and  the  l eng th  A of  the  a p p r o x i m a t i o n  s e c t i o n  
c a u s e  p r o p o r t i o n a l  changes  in  Boo and Bi l .  G r a p h s  of the  c h a n g e s ,  p r e s e n t e d  in  F i g s .  1 - 3 ,  a l l o w  one to  e s t i -  
m a t e  the  e r r o r s  in  the  d e t e r m i n a t i o n  of  t he  c o e f f i c i e n t s  c o and Cp. 

Conc lus ion .  The  h e a t - m e a s u r i n g  s y s t e m  (1) wi th  a p p r o x i m a t i o n  of t he  hea t  f lux by f i r s t - o r d e r  B - s p l i n e s  
i s  i d e n t i f i a b l e  in  p r a c t i c e .  The  p r a c t i c a l  a p p l i c a t i o n  of the  m e t h o d  of s p l i n e  i d e n t i f i c a t i o n  i s  d e s c r i b e d  in  [3]. 

E x a m p l e .  L e t  us d e t e r m i n e  the  e r r o r  in  the  i d e n t i f i c a t i o n  of c o and Cp f o r  a h e a t - m e a s u r i n g  s y s t e m  with  
the  fo l lowing  p a r a m e t e r s :  l ength  of r o d  l = 0.01 m; cp = 3.35-106 J / ~  ~ = 1.04.102 W / m . ~  A = 1 s e c  = 
0 .3Fo ;  cr = ~/3~ 

a a l l o w s  fo r  the  l eng th  A whi le  fl a l l o w s  f o r  the  t h e r m a l  c onduc t i v i t y  a s  fo l l ows :  

and  then  

o~ = 10 -k, [3 = 10 v 

for A=IOkFo~ ~ =  I0 v m2 ~ , 

a 2.10 8 

a 2.8-108 = - - =  - -  

V N ~/N 

If  t he  e x p e c t e d  hea t  f lux  i s  on the  o r d e r  of 105 W / m  2 then  the  r e l a t i v e  e r r o r  i s  

2.10 ~ 2 
Ar l(Co)- lo'V  =-V-f f  % '  

2.8.108 2.8 
= = % ,  

105 / v ] /  

and wi th  a n u m b e r  of m e a s u r e m e n t s  N = 4 p e r  s e c t i o n  we ob t a in  Arel(C0) = 1% and Are l (Cl)  = 1.4%. 

A P P E N D I X  1 

The  B - s p l i n e  SPk(T ) i s  a f in i te  p o l y n o m i a l  ha t  func t ion  i n t r o d u c e d  by S c h o e n b e r g  in  1946: 

T--k :, 

Sp~ (~) = 
z ~ 1 .  o - y  - k  

p 

In t he  i n t e r p o l a t i o n  of the  g iven  funct ion  f(Ti) = ZckSpk(x , )  in  a t a b l e  the  c o e f f i c i e n t s  a r e  c k =f(T). 
k = 0  

A P P E N D I X  2 

P r o o f  of S t a t e m e n t  1. I t  i s  known tha t  the  q u a d r a t i c  func t ion  x 2 + e has  one m i n i m u m  poin t  x = 0. The  
s o l u t i o n  Y of  the  s y s t e m  (1) d e p e n d s  l i n e a r l y  on Q, which  in  t u r n  d e p e n d s  l i n e a r l y  on Ck, and  c o n s e q u e n t l y ,  by 
the  p rope r t f f  of t r a n s i t i v i t y ,  Y depends  l i n e a r l y  on Ck. The  l i n e a r  func t ion  s a t i s f i e s  the  cond i t i on  of c o n v e x i t y ,  
and hence  Y i s  a convex  func t ion  of c k.  

The  m e a s u r e d  t e m p e r a t u r e s  a r e  f i n i t e ,  and  Y _< c o n s t  bound the  convex  s e t  in  the  s p a c e  of the  p a r a m e t e r s  
c k [6]. We note  t ha t  O(Y, co, . . . .  cp) i s  conve x ,  by the  p r o p e r t y  of t r a n s i t i v i t y  of c o n v e x  f u n c t i o n s ,  s i n c e  

1 
r 1 6 5  r = _ ~ _ ~  [y __ ~ ]t[y __ r i s  convex  wi th  r e s p e c t  to  Y.  Now we use  t he  s t a t e m e n t  of the  t h e o r y  of  non -  

l i n e a r  p r o g r a m m i n g  [7] tha t  in  a s o l u t i o n  of a p r o b l e m  of convex  p r o g r a m m i n g  ( m i n i m i z a t i o n  of a convex  f u n c -  
t i on  with  c o n v e x  l i m i t s )  a l o c a l  m i n i m u m  is  g l o b a l .  
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N O T A T I O N  

�9 T,  A, U, B, Q, m a t r i c e s  and vec to r s  of the appropr ia te  dimensions;  [ ] - t  sign of mat r ix  invers ion  
[ I t  sign of ma t r ix  t ransposi t ion;  X, t he rma l  conductivity; c,  heat capacity;  p, specif ic  densi ty;  e, ra t io  of 
semiaxes  of e l l ipse;  N, number  of measu remen t s  per  section; A, length of approximation section; ~ 2  d i spe r -  
sion of noise .  
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S O M E  A N A L Y T I C A L  M E T H O D S  OF  S O L V I N G  I N V E R S E  

( C O E F F I C I E N T )  P R O B L E M S  O F  H E A T - C O N D U C T I O N  T H E O R Y  

A.  A.  A l e k s a s h e n k o  UDC536.24.02 

Some analyt ical  methods a re  p resen ted  for  the de terminat ion  of thermophys ica l  p a r a m e t e r s  
without l inear iza t ion of the heat-conduct ion equation. A qualitative study of the t em p e ra tu r e  
f ields is  used.  

1. The  mathemat ica l  de sc r ip t i ono f iu t ense  h e a t - t r a n s f e r  p ro ce s se s  is connected with the necess i ty  of 
allowing for  the t e m p e r a t u r e  dependence of the the rmophys ica l  p a r a m e t e r s .  F o r  th is ,  in the one-dimensional  
case ,  the nonlinear  h e ~  conduction is  wri t ten as 

OT 0 [A(T) OT ] F OT 
c(TIv(T) O"c Ox ~x + i x  A(T)--~-x +F(x, "~, T).. (1) 

We note that until recent ly  insufficient  at tention has been paid to the mathemat ica l  side of the de t e rmina -  
t ion of the rmophys ica i  p a r a m e t e r s ,  especia l ly  to questions of the accu racy  and of the e r r o r s  which a re  in t ro -  
duced.  The complexi ty  of the de te rmina t ion  of the rmophys ica l  p a r a m e t e r s  has been aggravated by the absence 
of exact  analyt ical  solutions for  (1). It is just  these  reasons  (during the t ime which preceded  the extensive use 
of e lec t ron ic  and analog computers  and the cons idera t ion  of questions of the co r r ec tn e s s  of the solutions of in :  
ve r se  p r o b l e m s ) w h i c h  forced  inves t iga tors  to  use var ious  approximate  solutions (most often l inear ized  ones). 
In this case  nonl inear  �9  were  replaced  by p iecewise - l inea r  p a r a m e t e r s  and so forth.  The e r r o r s  
in t roduced in the p roce s s  do not yield to  analysis  in genera l  f o rm ,  which prevents  one f rom giving a re l iable  
es t imate  of the accu racy  of the p a r a m e t e r s  obtained, especia l ly  when they a re  s t rongly nonlinear .  As an i l lus -  
t ra t ion  we cite the following two examples .  As is known, one of the methods of determining p a r a m e t e r s  often 
applied in engineer ing prac t ice  is  the method of the regu la r  reg ime  of type I [1-2]. In this case  one is confined 
to one (or severa l )  t e r m s  of the s e r i e s  i n t h e  calculating equations for  the l inear ized  solutions of (1). The 
e r r o r  introduced in the p rocess  (the r ema ind e r  of the se r i es )  has usually been taken as  the e r r o r  in the de t e r -  

ru ina t ion  of the p a r a m e t e r .  In fac t ,  t he re  a r e  two kinds of e r r o r s :  those for  d i rec t  and inverse  problems [3], 
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